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Abstract −− A superstructure-based MILP (Mixed Integer Linear Programing)
formulation for simultaneous flexibili ty targeting and synthesis of multiperiod
minimum-utili ty Heat-Exchanger Networks (HENs) is presented. The formulation
is solved for the special case where period-specific structural flexibili ties are
explored on the basis of vertices of polyhedral regions of uncertainties at all
periods of operation. As an example, a two-period HEN problem is solved for
increasing structural-flexibili ty targets, and the resulting HEN structures that are
operable in both periods with desired flexibili ties are analyzed in terms of structural
flexibili ty indexes, structural grouping, and total utili ty consumption levels.

Introduction

The synthesis, design, and optimization of multiperiod process plants, where operational
characteristics, production demands, and costs vary from period to period due to changing
market conditions, are receiving significant focus (Sahinidis et al., 1989; Paules and Floudas,
1992; Varvarezos et al., 1992; Papalexandri and Pistikopoulos, 1994; Varvarezos et al., 1994;
Varvarezos et al., 1995; Dedopoulos and Shah, 1996; Iyer and Grossmann, 1997; Bhatia and
Biegler, 1999; Rooney and Biegler, 1999; Van den Heever and Grossmann, 1999; Bok et al.,
2000). Although the synthesis, design, and optimization of multiperiod processes have received
considerable attention, the works that consider period-dependent flexibili ty (abili ty to tolerate
uncertainties at all periods of operation) of a multiperiod process are rare. In most of the
works that deal with the synthesis, design, and optimization of flexible processes, the “periods”
are not “real operation periods” but discrete (critical) points in uncertainty spaces on which
discretized form of a stochastic optimization problem is solved. In other words, the periods are
formed by/for the numerical algorithms so that the continuous stochastic optimization problem,
which is very difficult to solve, is simplified.

Multiperiod-optimization problems typically involve cost minimization or profit
maximization over all periods of operation. Generally, discrete variables represent period-
specific discrete decisions such as whether or not to invest in or to operate a
process/equipment in a given period. Decomposition of a multiperiod-optimization problem,
for the solution of periods independently, is usually prohibited due to linking decision variables
and/or constraints that are common to all periods.

In this work, an optimization model for simultaneous period-specific-flexibili ty targeting and
synthesis of multiperiod HENs is presented. The model is solved for a superstructure-based
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multiperiod synthesis of minimum-utili ty flexible HEN problem for the special case where the
period-specific flexibili ties are explored on the basis of the vertices of the polyhedral regions of
uncertainties at all operation periods.

The problem considered in this work can be stated as follows. Givens are a HEN
superstructure that should operate over P periods and vertex-based flexibili ty indexes for all
periods. The problem involves synthesis of a HEN structure that will operate with minimum
utili ty consumption at the nominal operating conditions of P periods and that will posses pre-
defined flexibili ties to source-temperature disturbances at all periods. The period-specific
expected magnitudes of disturbances correspond to the vertices of the polyhedral regions of
disturbance space.

The multiperiod synthesis of minimum-utili ty (maximum-energy-recovery) HEN structures
possessing desired structural flexibili ty indexes is accomplished through a one-stage, non-
iterative, superstructure-based simultaneous MILP formulation that achieves minimum-utili ty-
structure synthesis and flexibili ty targeting for all P periods simultaneously in a single MILP
solution. The formulation assumes that the multiperiod feasible region defined by the reduced
inequality constraints is convex or one-dimensional-quasi-convex in uncertain parameters
(considered to be the source-stream temperatures in this work), so that the solution can be
explored on the vertices of the multiperiod polyhedral region of uncertainty.

The basis of the formulation is the superstructure-based simultaneous-MINLP formulation
developed by Yee and Grossmann (1990a, 1990b) as a solution to the standard HEN-synthesis
problem. The original MINLP formulation (a nonlinear total-cost function as objective and a
set of linear constraints) is based on a stagewise superstructure representation that considers
potential exchanges between any pair of hot and cold streams within a stage via binary decision
variables. In this work, the model of Yee and Grossmann is reformulated as MILP and the set
of linear constraints is augmented for P periods and for all vertices in these periods such that
the resulting structure satisfies expected deviations in source-stream temperatures in every
combination of disturbance directions (vertex directions) at all periods of operation. Source-
stream temperatures are perturbed for each vertex by a period-specific scalar; the desired
flexibili ty targets for the periods. Thus, satisfaction of the linear constraints is required for each
vertex as well as for the nominal point at all periods. The target temperatures for all periods,
specified by the multiperiod HEN problem, are required to be matched exactly at each vertex
and for each period by variable (vertex- and period-dependent) heater/cooler loads. The
objective function is the minimization of the weighted sum of the total utili ty consumptions at
the nominal operating points of all periods. Thus, the whole problem becomes MILP for which
the superstructure-dependent global solution (general vertex solution) is obtained with the
software package GAMS/XA. Since, in this work, the potential process and utili ty exchangers
are required to exist at all periods, the binary variables denoting potential stream matches are
common to all periods and thus are the linking variables between the periods.

An example HEN problem is solved for two periods for different structural-flexibili ty
targets, and the resulting HEN structures that are operable in both periods with desired
flexibili ties are analyzed in terms of flexibili ty indexes, structural grouping, and utili ty-
consumption levels.
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General Formulation

The general Mixed-Integer-Programming (MIP) formulation for a superstructure-based
simultaneous multiperiod HEN synthesis/design and flexibili ty targeting can be stated as
follows:
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where d is the vector of period-independent design variables (exchanger areas), xp is the vector
of state variables (outlet temperatures) at each period, z is the vector of period-independent
binary variables (denoting potential existence/absence of exchangers embedded in the
superstructure that is common to each period), up is the vector of control/free variables
(heater/cooler loads) at each period, pp is the vector of fixed parameters (heat-transfer
coefficients) at each period, and θθp is the vector of uncertain parameters at each period (in this
work, source-stream temperatures). Eq.1 is the objective function and can be formulated as
weighted total annualized cost or total utili ty consumption at each period. For a synthesis
problem, the vector d is dropped from the set of decision variables. Eqs.2-3 are the vector of
equality and inequality constraints for each period. If the vector of states, xp, can be eliminated
using Eq.2, then Eq.3 can be written as the vector of reduced inequalities. Eq.4 describes the
range of the uncertain parameters as deviations from period-dependent nominal values, θθo

p ,

where ∆θθ−
p  and ∆θθ+

p  are the scaled deviations from θθo
p , and the non-negative scalar, δp, is the

targeted flexibili ty for period p. The region R(δp) describes the scaled hyperrectangle which is
required to be within the feasible region defined by Eqs.2-3. For a fixed HEN topology and
design (known z and d), the flexibili ty index, δ*

p , defined by Swaney and Grossmann (1985) is
the maximum of scalar δp. This problem (Eqs.1-4) is diff icult to solve directly since, due to
Eq.4, it involves a max-min-max constraint that leads to a nondifferentiable global-optimization
problem (Halemane and Grossmann, 1983). The problem can be solved indirectly with a two-
stage procedure; as iterations between a multiperiod synthesis problem and a flexibili ty-analysis
step (Papalexandri and Pistikopoulos, 1993), however, this technique requires the solution of
large MIPs through, for example, the Generalized Benders Decomposition (Floudas, 1995) in
each iteration.

In this work, the multiperiod synthesis of minimum-utili ty HEN structures satisfying given
flexibili ty target for each period will be accomplished through one-stage, non-iterative,
superstructure-based formulation with the supposition that the feasible region defined by the
reduced inequality constraints is convex in uncertain parameters. Therefore, the optimal
solution can be explored on the basis of the vertices of the polyhedral regions of uncertainties
at each period. For this purpose, the general multiperiod vertex-based formulation (Konukman
et al., 1999) is described as follows:
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The vertex formulation, described by Eqs.5-10, is a reformulation of the more general non-
vertex formulation, described by Eqs.1-4, using the approach named as “Algorithm I” by
Halemane and Grossmann (1983). In the case the feasible region defined by the reduced
inequality constraints is convex in uncertain parameters, θθp, the formulations described by
Eqs.1-4 and Eqs.5-10 are identical (Halemane and Grossmann, 1983; Swaney and Grossmann,
1985). For a HEN problem where the uncertain parameters are considered to be the source-
stream temperatures only (constant heat-capacity-flowrates, fixed splits and fixed bypass
flows), the feasible region defined by the reduced inequality constraints is convex (Floudas,
1995).

Eq.5 is the objective function that is evaluated at the nominal operating points, n=0, of all
periods. Eqs.6-7 are the augmented forms of the vector of equality and inequality constraints
(Eqs.2-3) that are evaluated at the nominal operating points (n=0) as well as at each vertex
(n=1,...,2N) of all periods simultaneously. The θθp values in Eqs.6-7 are governed by Eqs.8-9.
Eq.9 constrains the vector θθp to take only 2N vertex values, θθn

p  (2
N ± directed deviations from

the nominal, θθo
p , values), scaled by the scalar, δp, which is the desired flexibili ty at period p.

Eq.8 denotes that at n=0, δp is considered to be zero. The set Ro(δp) describes the vertices of
the scaled hyperrectangle which is required to be within the feasible region defined by Eqs.6-7.

As indicated in Eq.5, a unique, and period independent, set of binary decision variables, zo,
controlli ng the structural modifications, applies to all 2N+1 operating points (2N vertex points
plus the nominal operating point). This enforces the optimal structure to be reduced from the
superstructure to be valid at all 2N+1 operating points and at all P periods. The state variables,
x

n
p (e.g., the exchanger outlet temperatures), and the control/free variables, u

n
p  (e.g.,

heater/cooler and exchanger heat loads), are the vectors of period-dependent continuous
decision variables defined for all 2N+1 operating points and for P periods. In this way, the
optimal structure which is unique to all operating points/periods and the optimal values of the
operating-point-/period-dependent state and control vectors are obtained simultaneously as the
solution of a single MIP problem defined by Eqs.5-10.

Formulation for the Specific HEN Superstructure

The specific form, and the total number of decision variables and constraints of the general
vertex-based “simultaneous multiperiod synthesis and flexibili ty targeting” formulation
described by Eqs.5-10 depends on the particular superstructure representation of the process.
In this work, Eqs.5-10 are applied to the HEN superstructure proposed by Yee and
Grossmann (1990a, 1990b). The specific formulation presented here is based on the
simultaneous-MINLP model developed by Yee and Grossmann as a solution to the standard
HEN-synthesis problem. The original MINLP formulation of Yee and Grossmann (a nonlinear
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total-cost function as objective and a set of linear constraints) is based on a stagewise
superstructure representation that considers potential exchanges between any pair of hot and
cold streams within a superstructure stage via binary decision variables.

In this work, the model of Yee and Grossmann is reformulated as MILP, by considering the
weighted sum of the total utili ty consumptions at the nominal operating conditions of the
periods as the linear objective function. The set of linear constraints is augmented for each
vertex and for each period such that the resulting HEN structure satisfies expected deviations,
with magnitude δp, in source-stream temperatures in every combination of disturbance
directions (vertex directions) which are identified by an additional index n. In other words, the
superstructure is forced to yield a unique minimum-utili ty structure that is operable at the
nominal condition and at each vertex of the feasible region the size of which is determined by
the desired flexibili ty index, at each period p. The nominal operating condition of each period
at the centeroid of the polyhedral region of uncertainty (operation under no disturbance in
source-stream temperatures) is identified by n=0. For a HEN problem with NH hot streams and

NC cold streams, there are N=2(NH+NC) vertices (+ and − directed simultaneous disturbance
directions) besides the nominal (no disturbance) operating point. Overall heat balances for each
stream, heat balances at each stage of the superstructure, assignment of superstructure inlet
temperatures, equations for the feasibili ty of temperatures, hot-/cold-utili ty-load equations,
logical constraints, and approach-temperature equations forming the set of linear constraints in

the original formulation of Yee and Grossmann are all written for each of the 2(NH+NC) vertices
as well as for the nominal operating point for all P periods. Source-stream temperatures are
perturbed for each vertex by a fixed scalar, δp, which is the targeted flexibili ty for period p.
Thus, satisfaction of the linear constraints is required for each vertex and for the nominal
operating points of all periods. The target temperatures of each period, specified by the HEN
problem, are required to be matched exactly for each vertex by variable (vertex-/period-
dependent) heater/cooler and exchanger heat loads. The objective function is the minimization
of the weighted sum of the total-utili ty consumptions of the periods at the nominal operating
points; n=0. Thus, the whole problem becomes a MILP for which the superstructure-
dependent global solution can be obtained. To preserve the linearity of the constraints, the
isothermal-mixing assumption of Yee and Grossmann (which is rigorous if the resulting HEN
does not involve stream splits but may lead to overestimation of the area cost in the case of
stream splits) is retained.

The explicit MILP formulation, depending on the superstructure-based MINLP formulation
of Yee and Grossmann, is given by Eqs.(11-36) (Konukman et al., 1999). The index n is the

vertex identifier for the 2(NH+NC) vertices, and n=0, a non-vertex point, designates the nominal
operating condition. The index p is the period identifier. HP and CP are the index sets for the
hot and cold process streams. ST is the index set for the superstructure stages. The two-stage
superstructure, that will be used for an example HEN problem, is shown in Fig 1.

Objective function:
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The objective (Eq.11) is the minimization of the period p weighted sum of cold- (qcu) and
hot- (qhu) utili ty consumptions at the nominal conditions, n=0. The binary decision-variable
vectors, z, zcu, and zhu denote potential existence of the process-stream matches, and
potential cold- and hot-utili ty heat exchanges, respectively. They are defined as period-
independent global variables, i.e. they are common to the nominal operating condition, n=0, to
each vertex, and to all P periods; since the potential structure is unique for all vertices as well
as for the nominal operating conditions of all periods. This global definition of the structure-
determining binary decision variables enables the constraints to be satisfied at every vertex as
well as at the nominal points over the unique structure by the vertex-/period-dependent
continuous decision variables. The vector of continuous decision variables are: t (temperatures
at the inlet and outlet of each stage in the superstructure for each vertex, for the nominal
points, and for all periods), q (process-stream heat exchanges at each stage for each vertex, for
the nominal points, and for all periods), qcu (process/cold-utili ty heat exchanges at
superstructure boundaries for each vertex, for the nominal points, and for all periods), qhu
(process/hot-utili ty heat exchanges at superstructure boundaries for each vertex, for the
nominal points, and for all periods), dt (approach temperatures for process-stream matches at
stage boundaries for each vertex, for the nominal points, and for all periods), dtcu (approach
temperatures for process/cold-utili ty matches at superstructure boundaries for each vertex, for
the nominal points, and for all periods), and dthu (approach temperatures for process/hot-
utili ty matches at superstructure boundaries for each vertex, for the nominal point, and for all
periods).

Overall heat balance for each stream, for each vertex, for the nominal points, and for all
periods:

( ) ∑ ∑
∈ ∈

+=−
STk CPj

p,n,ip,n,k,j,ip,i
out
p,i

in
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The overall heat-balance constraints (Eqs.12-13) imply that the overall heat-exchange
requirement of each stream must be equal to the sum of the heat exchanged with other process
streams and with the utili ty stream, at each vertex, at the nominal operating point, and at all
periods.

Heat balance at each stage, for each vertex, for the nominal points, and for all periods:

( ) ∑
∈

+ =−
CPj

p,n,k,j,ip,ip,n,1k,ip,n,k,i qFtt k∈ST, i∈HP, n=0,1,...,N, p∈P   (14)
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The stage heat-balance constraints (Eqs.14-15) are needed to determine the stage
temperatures, at each vertex, at the nominal operating point, and at all periods.

Assignment of inlet temperatures, for each vertex, and for target flexibiliti es, δp, for all
periods:
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in

p,n,i trTT =δ+= i∈HP, n=0,1,...,N, p∈P   (16)

( ) p,n,1ST,jpn,j
o,in

p,j
in

p,n,j trTT +=δ+= j∈CP, n=0,1,...,N, p∈P   (17)
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The inlet temperatures of the process streams are assigned to the inlet temperatures of the
superstructure through Eqs.16-17 as dependent on the vertices of the polyhedral uncertainty
region, the size of which is defined by the scalar targeted period flexibili ties, δp, that act as
scale factors. The set rn (n≠0) is the vertex (disturbance direction) identifier and takes the

values of N= 2(NH+NC) combinations of +1 and −1. For the nominal operating points of the
periods (centroids of the polyhedral regions) the values of ro are zero for all  i∈HP and j∈CP,
and at this point, the superstructure inlet temperatures are assigned the nominal source-stream
temperatures corresponding to period p, Tp

in,o.

Feasibilit y of temperatures, for each vertex, for the nominal points, and for all periods:

p,n,1k,ip,n,k,i tt +≥ k∈ST, i∈HP, n=0,1,...,N, p∈P   (18)

p,n,1k,jp,n,k,j tt +≥ k∈ST, j∈CP, n=0,1,...,N, p∈P   (19)

p,n,1ST,i
out
p,i tT +≤ i∈HP, n=0,1,...,N, p∈P   (20)

p,n,1,j
out
p,j tT ≥ j∈CP, n=0,1,...,N, p∈P   (21)

Eqs.18-19 constrain the stage temperatures to be monotonically decreasing at each vertex
and at the nominal operating points of the periods. Eqs.20-21 bound the superstructure outlet
temperatures by the fixed outlet temperatures of the process streams of each period, Tp

out. If
these last two constraints are not active at a particular vertex, n, or at the nominal operating
point, n=0, then the stream corresponding to the inactive constraint requires a utili ty
exchanger at that particular vertex, n, or at the nominal operating point, n=0.

Hot and cold utilit y loads, for each vertex, for the nominal points, and for all periods:

( ) p,n,ip,i
out
p,ip,n,1ST,i qcuFTt =−+ i∈HP, n=0,1,...,N, p∈P   (22)

( ) p,n,jp,jp,n,1,j
out
p,j qhuFtT =− j∈CP, n=0,1,...,N, p∈P   (23)

Constraints given by Eqs.22-23 determine the hot (qhu) and cold (qcu) utili ty requirements
at each vertex and at the nominal operating points. If a particular constraint in the set given by
Eqs.20-21 is active then the corresponding utili ty requirement becomes zero and the reduced
structure does not contain a utili ty exchanger for the particular process stream at the particular
operating point.

Logical constraints, for each vertex, for the nominal points, and for all periods:
0zq k,j,ip,n,j,ip,n,k,j,i ≤Ω− k∈ST, i∈HP, j∈CP, n=0,1,...,N, p∈P   (24)

0zcuqcu ip,n,ip,n,i ≤Ω− i∈HP, n=0,1,...,N, p∈P   (25)

0zhuqhu jp,n,jp,n,j ≤Ω− j∈CP, n=0,1,...,N, p∈P   (26)

Logical constraints (Eqs.24-26) involving the binary variables determine the existence or
absence of process, cold-utili ty, and hot-utili ty matches. The binary decision-variable vectors,
z, zcu, and zhu, are common to the nominal operating conditions n=0 and to each vertex of all
periods. This is because the unique potential structure must be operable at all vertices and at
the nominal conditions of all periods, and with this global structure, the constraints should be
satisfied at every vertex as well as at the nominal points by the vertex-/period-dependent
continuous decision variables. Upper bounds, Ωi,j,n,p, in these logical constraints can safely be



8

set to the smallest heat content of the two streams involved in the match. Heat-content
calculation over the superstructure must be based on the source- and target-stream
temperatures at the corresponding operating points, n=0,...,N, of the periods since the source-
stream temperatures are perturbed for each vertex by the scalar period-specific target
flexibili ties as described by Eqs.16-17.

Approach temperatures, for each vertex, for the nominal points, and for all periods:
( )k,j,ip,n,j,ip,n,k,jp,n,k,ip,n,k,j,i z1ttdt −Γ+−≤ k∈ST, i∈HP, j∈CP,

n=0,1,...,N, p∈P   (27)

( )k,j,ip,n,j,ip,n,1k,jp,n,1k,ip,n,1k,j,i z1ttdt −Γ+−≤ +++ k∈ST, i∈HP, j∈CP,

n=0,1,...,N, p∈P   (28)

( )ip,n,i
out

p,CUp,n,1ST,ip,n,i zcu1Ttdtcu −Γ+−≤ + i∈HP, n=0,1,...,N, p∈P   (29)

( )jp,n,jp,n,1,j
out

p,HUp,n,j zhu1tTdthu −Γ+−≤ j∈CP, n=0,1,...,N, p∈P   (30)

The approach-temperature constraints (Eqs.27-30) ensure positive driving forces for the
potential process and utili ty exchangers at the nominal operating points of the periods and at
each vertex. The binary variables in these constraints ensure that only the non-negative driving
forces exist for potential matches (binary variables are equal to one). If there is no match
(binary variables are equal to zero) in any stage of the superstructure at any operating point,
then the upper bounds on the driving forces are safely set to the largest of the possible driving
forces through proper definition of the upper-bound parameters Γi,j,n,p, which are calculated
based on the period-dependent inlet and outlet temperatures of the superstructure. The upper-
bound parameters must be calculated not only at the nominal operating point but at the
corresponding operating points, n=0,...,N, of the periods since the source temperatures are
perturbed for each vertex by period-specific target flexibili ties as described by Eqs.16-17.

Approach-temperature bounds, for each vertex, for the nominal points, and for all periods:

minp,0n,k,j,i Tdt ∆≥= k∈ST, i∈HP, j∈CP, n=0, p∈P   (31)

minp,0n,i Tdtcu ∆≥= i∈HP, n=0, p∈P   (32)

minp,0n,j Tdthu ∆≥= j∈CP, n=0, p∈P   (33)

0dt p,0n,k,j,i ≥≠ k∈ST, i∈HP, j∈CP, n=1,...,N, p∈P   (34)

0dtcu p,0n,i ≥= i∈HP, n=0, p∈P   (35)

0dthu p,0n,j ≥= j∈CP, n=0, p∈P   (36)

The formulation presented here is not for the design (area targeting) but for the synthesis of
HENs. However, the approach temperatures for the process and utili ty streams at the nominal
operating point (Eqs.31-33) are bounded by the minimum-approach temperature, ∆Tmin,
considering the possible design of the synthesized structure at the nominal operating point. On
the other hand, the approach temperatures for the process and utili ty streams at the vertices
(Eqs.34-36) are required to be positive since the vertex operating points are not considered as
possible design points.
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The maximum total number of heat-exchange units, NEUmax, can be limited (possibly as
period dependent) by adding the following constraint.

max
HPi CPj

j
HPi

i
CPj STk

k,j,i NEUzhuzcuz ≤++∑ ∑∑∑ ∑
∈ ∈∈∈ ∈

p∈P   (37)

Since the binary decision variables are global variables, this constraint (Eq.37) is valid at
every vertex as well as at the nominal operating points of all periods. Constraining the
structure to be reduced from the superstructure in this way, affects the flexibili ty that should be
expected from the reduced structure. However, this constraint generally decreases the solution
time and also decreases the chance of getting multiple solutions (same objective function value
for the same desired flexibili ty, but with different sets of binary variables).

The stream splitting may be prevented by constraining the maximum number of matches for
each stream at each stage by adding the following constraints:

1z
CPj

k,j,i ≤∑
∈

k∈ST, i∈HP, p∈P   (38)

1z
HPi

k,j,i ≤∑
∈

k∈ST, j∈CP, p∈P   (39)

The inclusion of these constraints completely eliminates the isothermal-mixing assumption
that is inherent in the formulation of Yee and Grossmann in case of stream splits. Since the
binary decision variables are global variables, these constraints (Eq.38 and Eq.39) are valid at
every vertex as well as at the nominal operating points of all periods. Constraining the
structure to be reduced from the superstructure in this way, affects the flexibili ty that should be
expected from the reduced structure. Similarly, the presence of these constraints generally
decreases the solution time and also decreases the chance of getting multiple solutions (same
objective function value for the same desired flexibili ty, but with different reduced structure).

Significance

The superstructure-based, simultaneous-MILP formulation presented in this work synthesizes
only the structure for a minimum-utili ty multiperiod HEN possessing a desired vertex-/period-
based structural flexibilit y, δp. If the design (determination of process/utili ty exchanger areas)
of the synthesized multiperiod HEN is done, e.g. based on the temperatures corresponding to
the nominal operating condition of any of the periods, there is no guarantee that this design
will show the same structural flexibili ty index, δ*

p , at all operating conditions corresponding to
vertices of that period. Actually, if the synthesized structure does not have utili ty exchangers
and the target temperatures are considered to be hard targets, then the design flexibilit y index,

*
p,Dδ , may be zero. On the other hand, if the retrofit design (placement of bypass streams,

possibly with non-zero nominal flows, and re-determination of process/utili ty exchanger areas)

of the HEN is performed, then the retrofit-design flexibilit y index, *
p,RDδ , may be at most as

large as the structural flexibili ty index (if the upper bound for bypass fractions is considered as
unity). The ordering of the structural, design, and retrofit-design flexibili ty indexes can be
summarized as:
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*
p,Dδ  ≤ *

p,RDδ  ≤ δ*
p p∈P   (40)

Therefore, the significance of the simultaneous flexibili ty targeting and synthesis of
minimum-utili ty multiperiod HEN structures is that the flexibili ty index, δ*

p , of the reduced
structure provides an upper bound for the flexibili ty that should be expected at most from the
design or retrofit design of the structure for period p. Moreover, the value of the objective
function, the minimum of total utili ty consumption, provides a lower bound for the utili ty
consumption level that should be expected at most from the design or retrofit design of the
structure aiming at the structural flexibili ty δp for period p (since the flexibili ty lost due to
design may be gained at the expense of increasing the utili ty consumption).

The heat loads for the process/utili ty matches corresponding to the nominal operating points
of the periods and to all vertices are the continuous decision variables and their optimal values
are obtained simultaneously as the solution of the MILP formulation. This information on
vertex-/period-dependent variations in the heat loads for the matches may reveal possible
locations of bypass streams in an ensuing (retrofit) design stage. It may be advantageous to
consider bypasses for those matches the heat-load variations of which vary the most from
vertex/period to vertex/period. In this way, the bypasses may be placed at the most sensitive
locations in the structure.

Example and Discussion

In this section, the basic features of the proposed non-iterative, superstructure-based,
simultaneous-MILP formulation for the simultaneous flexibili ty targeting and synthesis of
multiperiod minimum-utili ty HEN structures are ill ustrated with an example HEN problem
with two periods.

Table 1 gives the supply and target temperatures for the process and utili ty streams, and the
heat-capacity-flowrates of the process streams, for the two periods. Since there are two hot
and two cold streams (NH=2, NC=2) in each period, the minimum number of superstructure
stages, NS, is fixed at max{NH,NC}=2 (Yee and Grossmann, 1990a, 1990b). Fig. 1 shows the
two-stage superstructure of Yee and Grossmann. With two hot and two cold streams, for each

period, the total number of vertices is N=2(NH+HC)=16. The values of the identifier rn (Eqs.16-
17) for the nominal operating points and for all the vertices are listed in Table 2.

Table 1. Data for the Two-Period HEN Problem.
Period p = 1 Period p = 2

Stream F (kW/K) Tin (K) Tout (K) Stream F (kW/K) Tin (K) Tout (K)
HOT-1 10 650 370 HOT-1 10 580 360
HOT-2 20 590 370 HOT-2 15 480 320
COLD-1 15 410 650 COLD-1 13 320 460
COLD-2 13 350 500 COLD-2 20 420 520
Hot Utili ty 680 680 Hot Utili ty 680 680
Cold Utili ty 300 320 Cold Utili ty 300 320

The total number of matches was constrained, for both periods, to be less than or equal to 6
via the addition of the inequality constraint given by Eq.37 with NEUmax=6. The MILP
formulation (Eqs.11-39) was solved with GAMS/XA (Brooke et al., 1992) for the fixed values
of the desired flexibili ty target, δp (± directed deviations in source-stream temperatures),
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ranging from δ=0K to δ=150K for period p=1 (150K is the maximum value of δp that can be
tolerated for the period specifications), from δ=0K to δ=100K for period p=2 (100K is the
maximum value of δp that can be tolerated for the period specifications), and from δ=0K to
δ=100K as multiperiod P=2 problem (100K is the maximum value of δp that can be tolerated
for the multiperiod specifications). In this work, the same desired flexibili ty target, δp was used
for both periods in the multiperiod case; meaning that the synthesized multiperiod HEN
structure was required to have an identical structural flexibili ty at both periods of operation.

Figure 1. The two-stage superstructure of Yee and Grossmann.

By scanning the possible MILP solutions in the feasible
flexibili ty ranges, sets of structure-determining binary
variables were obtained. Out of these MILP solutions, sets
of binary variables corresponding to unique structures were
labelled, in the order of increasing maximum flexibili ties
(i.e., flexibili ty indexes, δ*

p  ). When the formulation is solved
for the first period alone (p=1), the structures are P1A,
P1B1-B4, P1C1, P1C2, P1D1, P1D2, and the grid diagrams
of the structures are shown in Fig. 2 along with their
structural flexibili ty indexes (δ*).When the formulation is
solved for the second period alone (p=2), the structures are
P2A1, P2A2, P2A3, P2A4, P2A5, P2A6, P2B, and the grid
diagrams of the structures are shown in Fig. 3 along with
their structural flexibili ty indexes (δ*).When the formulation
is solved for both periods simultaneously as multiperiod
problem (P=2), there are only two structures, P2A6 and
P2B (identical to the last two structures in Fig. 3 when the
second period, p=2, is solved alone). It should be noticed
that P1B4 and P2A6 are identical structures, however their
flexibili ty indexes are δ*=90K and δ*=80K, respectively.

Table 2. Values of the Identifier
rn at the Nominal and Vertex

Operating Points.
n ri=1,n ri=2,n rj=1,n rj=2,n

0 0 0 0 0
1 + + + +
2 + + + −
3 + + − +
4 + + − −
5 + − + +
6 + − + −
7 + − − +
8 + − − −
9 − + + +

10 − + + −
11 − + − +
12 − + − −
13 − − + +
14 − − + -
15 − − − +
16 − − − −

TH2,n
out

TH1,n
in

TH2,n
in

TC1,n
out

TC2,n
out

tH2,1,n

tH1,1,n

tC1,1,n

tC2,1,n

tH2,2,n

tH1,2,n

tC2,2,n

tC1,2,n

tH2,3,n

tC2,3,n

tH1,3,n

tC1,3,n

TH1,n
out

H1-C2

H2-C1

H2-C2

H1-C2

H2-C1

H2-C2

H1-C1HU1

HU2

H1-C1

TC1,n
in

TC2,n
in

Hot-1

Hot-2

Cold-1

Cold-2

stage k = 1 stage k = 2

CU1

CU2
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Structure P1A, δ* = 36.95 K Structure P1B1, δ* = 70.63 K

Structure P1B2, δ* = 74.24 K Structure P1B3, δ* = 90.00 K

Structure P1B4, δ* = 90.00 K Structure P1C1, δ* = 91.51 K

Structure P1C2, δ* = 120.00 K Structure P1D1, δ* = 150.00 K

Structure P1D2, δ* = 150.00 K

Figure 2. The grid diagrams of HEN structures P1A through P1D2 obtained for the first period
only (the dashed matches are totally bypassed at the nominal operating conditions).
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Structure P2A1, δ* = 20.00 K Structure P2A2, δ* = 20.00 K

Structure P2A3, δ* = 20.00 K Structure P2A4, δ* = 33.57 K

Structure P2A5, δ* = 45.42 K

Structure P2A6, δ* = 80.00 K Structure P2B, δ* = 100.00 K
(also the multiperiod problem structures)

Figure 3. The grid diagrams of HEN structures P2A1 through P2B obtained for the second
period only (P2A6 and P2B are also the structures obtained for the multiperiod problem)

(the dashed matches are totally bypassed at the nominal operating conditions).

Fig. 4 shows the total-utili ty-consumption levels corresponding to the nominal operating
points (∑qcui,n=0 + ∑qhuj,n=0) of the structures versus the flexibili ty ranges when the problem is
solved for period p=1 only, for period p=2 only, and for both periods simultaneously as
multiperiod problem, P=2. Fig. 4 reveals four plateaus of total-utili ty-requirement levels at the
nominal operating point, n=0 for period p=1, two plateaus of total-utili ty-requirement levels at
the nominal operating point, n=0 for period p=2, and two plateaus of total-utili ty-requirement
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levels at the nominal operat-
ing points, n=0 when both
periods considered simulta-
neously as multiperiod
problem. Each plateau corre-
sponds to one or more (but
finite number) of different
HEN structures synthesized
by solving the MILP for the
given value of δp.

The HEN with structure
P1A consumes 2550 kW
minimum total utili ty at the
nominal operating point,
n=0, and at the same time
tolerates an uncertainty of
±36.95K in the source-
stream temperatures. In
other words, structure P1A
is operable (i.e., it will not
violate the outlet-tempera-
ture specifications) as long
as the deviations in the
source-stream temperatures
along the vertex directions
have magnitudes within
0≤δ≤36.95 range. In the
space of source-stream tem-
peratures, the largest hyper-
rectangle that can be in-
scribed within the feasible
region defined by structure
P1A has vertices located at
±36.95K as measured from
the nominal point at the
center. The second plateau,
corresponding to 3750 kW minimum total-utili ty consumption, contains 4 structures, labelled
as P1B1-B4. The source-stream-temperature uncertainties that can be tolerated by these
structures are as follows: 0≤δ(P1B1)≤70.63, 0≤δ(P1B2)≤74.24, and 0≤δ(P1B3,P1B4)≤90. The third
plateau, corresponding to 4250 kW minimum total-utili ty consumption, contains structures
P1C1 and P1C2, which can tolerate source-stream-temperature uncertainties of 0≤δ≤91.51 and
0≤δ≤120, respectively. The fourth plateau, corresponding to 8850 kW minimum total-utili ty
consumption, contains structures P1D1 and P1D2, both of which can tolerate source-stream-
temperature uncertainties of 0≤δ≤150.

The HENs with structures P2A1, P2A2, and P2A3 consume 1780 kW minimum total utili ty
at the nominal operating point, n=0, and at the same time tolerate an uncertainty of ±20K in
their source-stream temperatures. The HEN with structure P2A4 consumes again 1780 kW
minimum total utili ty at the nominal operating point, n=0, but it can tolerate an uncertainty of
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Figure 4. Total-utili ty consumptions at the nominal operating
conditions versus the flexibili ty ranges of synthesized structures.
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±33.57K in its source-stream temperatures. The HEN with structure P2A5 also consumes
1780 kW minimum total utili ty at the nominal operating point, n=0, however it can tolerate an
uncertainty of ±45.42K in its source-stream temperatures.

The HEN with structure P2A6 can tolerate an uncertainty of ±80K in its source-stream
temperatures. P2A6 consumes 3750 kW minimum total utili ty at the nominal operating point,
n=0, when it is operating at the first period, p=1, but it consumes 1780 kW minimum total
utili ty when it is operating at the second period, p=2. Finally, the HEN with structure P2B can
tolerate an uncertainty of ±100K in its source-stream temperatures. P2B consumes 8150 kW
minimum total utili ty at the nominal operating point, n=0, when it is operating at the first
period, p=1, but it consumes 4780 kW minimum total utili ty when it is operating at the second
period, p=2.

Fig. 4 reveals the trade-off between structural flexibili ty and minimum total-utili ty
consumption at the nominal operating condition(s). If there is only one favorable structure in a
desired flexibili ty range, then the final design should be done based on that structure. For
instance, if a flexibili ty of 60K is enough for a multiperiod operation, then structure P2A6 is
the only choice considering its lower total-utili ty-consumption level. On the other hand, if there
are multiple structures with identical total-utili ty-consumption levels in a desired flexibili ty
range, then the final decision can be made after computing the total (retrofit) design cost (area
and utili ty costs) for the structures embedded in that flexibili ty range.

Additional Comments

It should be mentioned that it is inherent in the multiperiod MILP formulation that if an
exchanger (match) is present in the reduced structure, then it is present in all periods of
operation. In other words, the same units are used in all periods. This may cause
overestimation of the total minimum utili ty consumption in either of the periods. This limitation
will be relaxed in further works.

It should also be mentioned that the minimum number of superstructure stages, NS, should
be fixed at max{NH,NC}+1, not at max{NH,NC} as suggested by Yee and Grossmann (1990a),
in order to capture other possible structures that may show lower total utili ty consumptions.

The pinch (minimum utili ty) solution (Linnhoff and Flower, 1978a, 1978b) of the first
period, p=1, with two superstructure stages and with NEUmax=6 (Eq.37) is identical to
structure P1A (2550 kW total utili ty consumption). However, the pinch solution of the second
period, p=2, can be obtained only with three superstructure stages and with NEUmax=7. Also,
the pinch solution of the multiperiod problem, P=2, can be obtained only with three
superstructure stages and with NEUmax=9. Therefore, the results presented in this work should
be considered as a demonstration of the multiperiod MILP formulation. The true minimum-
utili ty results are not shown in this work due to space limitations; since with three
superstructure stages and with NEUmax=9 too many structures are obtained.

Determination of Structure Boundaries

The determination of the structure boundaries (the determination of the flexibili ty indexes, δ*
p

of the synthesized structures), for instance, in the construction of Fig. 4, may be difficult if the
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MILP formulation is solved consecutively for increasing values of the desired flexibili ty, δp.
This diff iculty is due to the possible presence of multiple structures with identical minimum
total-utili ty-consumption levels at a given value of the desired flexibili ty. The determination of
the structure boundaries, δ*

p , can be formulated as the flexibilit y-index problem, i.e., finding the
maximum value of the flexibili ty, δ=δ*

p , that a given structure (fixed binary variables) can
tolerate. For fixed heat-capacity-flowrates, the flexibili ty-index problem is a LP problem that
involves linear equality constraints corresponding to the energy balances for the
process/process and process/utili ty matches, and linear inequality constraints to guarantee
positive driving forces for the temperatures.

Alternatively, instead of formulating the flexibili ty-index problem for each structure
encountered in the solution range of the MILP formulation, the equations of the MILP
formulation can be used directly after removing the binary variables from the set of decision
variables and by introducing them as constant parameters. This approach is advantageous as it
requires only minor modifications in the formulation (and in the GAMS coding) of the MILP
problem. The objective function of the flexibili ty-index LP problem for a fixed structure is
given by Eq.41, and the required equality and inequality constraints are as given before by
Eqs.(12-39).

∑
∈

δ
Pp

p

dthu,dtcu,dt
,qhu,qcu,q

,t,t
max

p,n,jp,n,ip,n,k,j,i
p,n,jp,n,ip,n,k,j,i

p,n,k,jp,n,k,i

k∈ST, n=0,1,...,N   (41)

For a structure obtained from the solution of the MILP formulation (Eqs.11-39), the
solution, δ*

p , of the flexibili ty-index LP problem, Eqs.(41, 12-39) gives the flexibili ty index, and
thus, the exact region of validity of that structure.

Conclusions

The synthesis of multiperiod minimum-utili ty HEN structures satisfying given period-
specific flexibili ty targets was accomplished through one-stage, non-iterative, superstructure-
based-simultaneous-MILP formulation. The formulation presumed that the feasible region
defined by the reduced inequality constraints was convex in uncertain parameters, and thus the
optimal solution was explored on the basis of the vertices of the polyhedral region of
uncertainty. The superstructure-based formulation was used also to compute the vertex-based
flexibili ty indexes the synthesized structures. The solution of the superstructure-based
flexibili ty-index formulation determined the structural validity regions over which the
structures were operable with the corresponding minimum utili ty-consumption levels.

The significance of the “simultaneous flexibili ty targeting and multiperiod synthesis”
formulation for minimum-utili ty multiperiod HEN structures is that the flexibili ty of the
synthesized structure provides an upper bound for the flexibili ty that should be expected from
the design or retrofit design of the structure. The value of the objective function provides a
lower bound for the total-utili ty-consumption level that should be expected from the design or
retrofit design having a flexibili ty equal to the structural flexibili ty targeted in the multiperiod
synthesis.
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The basic features of the "simultaneous flexibili ty targeting and multiperiod synthesis"
formulation were demonstrated using a well-known HEN superstructure of Yee and
Grossmann. An example two-period HEN problem was solved successively over a range of
flexibili ty targets by considering the source-stream temperatures as the uncertain parameters.
The trade-off between the flexibili ties and the total-utili ty-consumption levels for the reduced
multiperiod structures accommodated in the desired flexibili ty range were revealed.
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Nomenclature

CP = index set of cold process stream
d = vector of design variables
dti,j,k,n = temperature approach for match i and j in stage k at vertex n
dtcui,n = temperature approach for match i and cold utili ty at vertex n
dthuj,n = temperature approach for match j and hot utili ty at vertex n
F = heat-capacity-flowrate
g = vector of inequality constraints
h = vector of equality constraints
HP = index set of hot process stream
n = vertex-direction identifier (subscript or superscript)
N = total number of vertices
NC = number of cold streams
NH = number of hot streams
NS = number of superstructure stages
NEUmax = maximum number of heat-exchange units allowed
p = vector of fixed parameters
P = number of periods
qi,j,k,n = heat exchanged between stream i and j in stage k at vertex n
qcui,n = heat exchanged between stream i and cold utili ty at vertex n
qhuj,n = heat exchanged between stream j and hot utili ty at vertex n
ro = operating-point identifier at the nominal operating condition
rn = operating-point identifiers for vertices as N combinations of −1 and +1
R = region describing the scaled hyperrectangle
ST = index set of superstructure stages
ti,k,n = temperature of stream i at hot end of stage k at vertex n
tj,k,n = temperature of stream j at hot end of stage k at vertex n
T = temperature
∆Tmin = minimum approach temperature
u = vector of free/control variables
x = vector of state variables
z = vector of binary variables
zi,j,k = binary variable for existence of unit for match i and j in stage k
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zcui = binary variable for existence of unit for match i and cold utili ty in stage k
zhuj = binary variable for existence of unit for match j and hot utili ty in stage k

Greek Letters
α = period weighting parameter used in the objective function
δ = flexibili ty (scalar)
δ* = flexibili ty index (scalar)

*
Dδ  = design flexibili ty index
*
RDδ = retrofit-design flexibili ty index

ΦΦ = objective function
Γ = upper bound for temperature difference
θθ = vector of uncertain parameters
∆θθ−, ∆θθ+ = scaled deviations from θθo

Ω = upper bound for heat exchange

Subscripts Superscripts
CU = cold utili ty in = inlet
HU = hot utili ty o = value at nominal operating condition
i = hot process stream out = outlet
j = cold process stream
k = index for superstructure stage
p = period identifier
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